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Abstract

Causal analysis of an asynchronous system becomes rather difficult when several
agents control different parts of the system. A rule change made by one agent
can propagate through other components, and its effect may depend on the initial
configuration and the order in which components are updated. We study when the
cause of an observed outcome can be established from a subsystem alone. In our
model, an agent has authority to replace the update rules of specified components.
In such a setting. an intervention installs replacement rules while leaving the current
component values unchanged.

We consider causal diagnosis of recorded executions and verification of proposed
repairs. To diagnose a recorded execution, we replay its update schedule from its
initial configuration using replacement rules. We suppose the outcome refers only
to components in an influence-closed subsystem, meaning that every input used
by those components also lies in that subsystem. A rule replacement outside the
subsystem cannot then affect the outcome, and every minimal execution-relative
cause is contained within the subsystem. The result continues to hold when the
subsystem contains feedback.

Repair verification has to consider every execution that may occur after a change.
We suppose the system is split into two overlapping subsystems, with their shared
components acting as an interface. If the interface remains fixed during the phase
being analysed, the configurations reachable in the full system are exactly the combi-
nations of configurations reachable in the two subsystems that agree on the interface.
This means that properties of the unchanged subsystem can be verified once and
then reused when checking repairs that affect only the other subsystem. If every
component can be scheduled, the converse is true as well. Thus, recovering the
global reachable set exactly, for every initial configuration, is possible only when the
interface components remain unchanged.

For finite systems, we give algorithms for both forms of analysis and evaluate
them on examples involving retry behaviour and retrieval-augmented generation.
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We also prove that finite replay can be represented exactly by an acyclic struc-
tural causal model. Finally, we establish bisimulation invariance for our logic and a
Hennessy–Milner characterization over the relevant image-finite class.

Keywords: Logic, Transition systems, Distributed systems, Causality, Rule
changes, Subsystem verification, Multi-agent systems, Retrieval-augmented
generation

1. Introduction

Causal analysis of software and multi-agent systems often guides practitioners
deciding which rule to change and which parts of the system to leave alone. Ex-
amples include retry policies in distributed services [1, 2], controller changes, and
changes to rules in systems that combine machine-learning modules [3]. A struc-
tural causal model (SCM) uses structural equations, or functional dependencies, to
represent causal dependencies. Such models support hard interventions, which fix
variables to chosen values [4, 5], and soft interventions, which modify an equation
and let the modified equation determine its output [6, 7]. We define these rule
changes for systems whose components update one at a time and study when their
effects can be analysed within one subsystem.

Each component has an observable behaviour, a specified set of inputs, and a
rule that determines how its behaviour changes when the component is updated.
In particular, each component c has a set B(c) of possible behaviours, and a con-
figuration assigns one current behaviour to every component. The system evolves
through a sequence of such updates, with a scheduler selecting one component at
each step. We call the resulting sequence of configurations an execution, and the
corresponding sequence of selected components its schedule. Throughout the paper,
we use configuration for this assignment and reserve state mainly for established
logical terminology, such as state formulas. An intervention replaces the rules of
selected components without changing the current configuration, so a replacement
rule has no effect until its component is subsequently scheduled.

Here, multi-agent means that different agents control different rules. A cause
may span agents, as Proposition 6.5 shows, but a repair must be authorized by the
agent controlling its target. We model neither utility nor strategic interaction.

We use rule replacement for two different purposes. In diagnosing a completed
execution, we ask which of the rules that were in force caused a specified outcome
at the end of that execution. The alternatives used for this diagnostic comparison
need not be changes that an agent is actually authorized to make. In repair analysis,
by contrast, an intervention is considered prospectively, and we ask whether the
proposed rule change prevents the failure throughout the executions that can occur
after it is installed.

When analysing a recorded execution, we replay it from the same initial con-
figuration and under the same schedule, while allowing selected component rules
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to be replaced. If the outcome depends only on components in an influence-closed
region, meaning that every input read by a component in that region also comes
from within it, then the replay can be confined to that region without changing the
resulting local execution. Replacements outside the region cannot affect the final
outcome, and every minimal cause of that outcome is contained within the region,
even if the region itself contains feedback.

Repair verification is different because it concerns all executions that may occur
after an intervention rather than the replay of one recorded execution, and requires
stronger conditions on how the system is divided. We split the system into two
overlapping subsystems whose shared components form an interface. If the inter-
face remains fixed during the phase being analysed, the configurations reachable in
the full system are exactly the combinations of configurations reachable in the two
subsystems that agree on the interface. Consequently, when an intervention changes
rules on only one side, a property established for the unchanged side can be reused
rather than verified again. Moreover, when every component of the full system may
be scheduled, this decomposition recovers the reachable configurations from every
initial configuration only if scheduling the shared components leaves their values un-
changed. Under these same conditions, any feedback loop must lie entirely within
one non-interface side or entirely within the interface.

Our logic has operators for reachability, intervention, and restriction to a named
subsystem. It includes a frame rule, which carries a proved property of an unchanged
subsystem across several repairs to the other subsystem.

We call a cause execution-relative because it is tied to one finite recorded exe-
cution. A non-empty set of installed rules is a cause of a true-or-false claim about
the final configuration if an allowed replacement makes that claim false under the
same initial configuration and schedule. No non-empty proper subset may do so.
Halpern–Pearl actual causation adds tests that hold other variables fixed. Our causal
analysis is defined directly on replay in the transition system. For finite replays, an
acyclic SCM with rule variables reproduces the same replacements.

The retry case study contains feedback between callers and the downstream
service, so the recorded incident must be diagnosed in the full model. The rules used
by callers during the incident explain that execution. The installation of a gateway
cap prevents the failure on every schedule. In the RAG case study, retrieval has
already committed the context used by generation. We check release policies on
the generation side while reusing a property supplied at the retrieval boundary and
preserved during the analysed phase.

The paper makes the following contributions.

1. We define components that update one at a time, specify who may replace
their rules, and give a logic that checks whether each formula uses only the
components available in its subsystem.

2. We prove that every minimal cause of an outcome stated using components
in an influence-closed region lies in that region and contains only components
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selected for update in the recorded sequence, which we call the schedule.
3. We prove that, across a stable interface, searches of the two subsystems recover

every configuration the full system can reach. A converse shows when stability
is necessary.

4. We show how a repair on one side of a stable interface preserves an unchanging
property on the other. We also give counterexamples when the input require-
ments or stability fail.

5. We give two algorithms for finite systems, work through retry and RAG exam-
ples, and compare the numbers of configurations examined locally and globally.

For finite recorded executions, an acyclic structural causal model with rule vari-
ables represents the replay semantics exactly. The logic is invariant under the corre-
sponding bisimulation, and the stated image-finite class satisfies a Hennessy–Milner
converse. The locality theorems do not use either result.

Previous causal models examine how to abstract and combine smaller models
[8, 9, 10]. Our transition system updates one component at a time. The conditions
for local analysis refer to the inputs available to each rule and to whether shared
components can change.

Section 2 relates the model to earlier work. Section 3 defines components, closed
regions, cuts, and interventions. Sections 4 and 5 define authority and the logic. Sec-
tion 6 studies causes of a recorded execution and proves the influence-closed locality
result; it then validates the replay semantics by giving an equivalent SCM represen-
tation for finite executions. Section 7 proves the stable-interface factorization and
applies it to repair checking. Section 8 gives two algorithms. Section 9 presents
the RAG example, and Section 10 checks both finite examples. Section 11 proves
bisimulation invariance and a Hennessy–Milner converse for the logical semantics.

2. Causal Models and Concurrent Systems

We use a transition system, which represents configurations and the possible
updates between them. CSP, CCS, and the π-calculus describe how components
interact, which executions are possible, and when systems have the same observable
behaviour [11, 12, 13]. Models of distributed systems and ecosystems place similar
emphasis on explicit components and boundaries [14, 15]. Resource-process calculi
model the co-evolution of resources and processes and can specify that a system is a
parallel composition of subsystems [16, 17]. Galmiche, Lang, and Pym give a general
account of behaviours, components, the ways components realize their behaviour,
and interfaces [18]. We retain that component view and add update rules that an
intervention may replace. Here causation concerns the effect of changing an installed
rule. In theories of concurrent systems, causality usually concerns dependency or
precedence between events. Event structures, for example, represent which events
depend on or exclude others [19].
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These works provide points of comparison for determining how component-level
information relates to the behaviour of an entire system. Rischel and Weichwald
study abstractions between finite causal models and their behaviour under inter-
ventions [8]. Lorenz and Tull develop a diagrammatic treatment of causal models
with exposed inputs and outputs [9]. Pruthi and Jensen examine causal-effect es-
timation in systems assembled from heterogeneous components [10]. We consider
asynchronously evolving transition systems in which each transition updates exactly
one component, and ask when subsystem executions determine global behaviour. In
this setting, Theorems 6.9 and 7.4 characterize the conditions under which sub-
system executions suffice to reconstruct a recorded global execution or recover its
corresponding reachable set.

A separate line of work uses causal notions to explain failures of transition sys-
tems and other formal models. Beer et al. apply Halpern–Pearl-style causality to
executions that violate a required property [20], and G"ossler and Le M’etayer iden-
tify blameworthy components from a single safety-violating execution [21]. Caltais,
Leue, and Mousavi consider transition systems in which each step records the compo-
nent responsible for the move; using Hennessy–Milner logic, they show that analyses
of noncommunicating systems can be combined when the systems update in alter-
nation [22]. G"ossler and Stefani extend fault attribution to concurrent executions
and make explicit the choice of alternative executions against which causality is as-
sessed [23]. For a broader account of causal explanation in formal verification, see
the survey by Baier et al. [24].

These works provide different accounts of what may be varied or compared when
evaluating causal alternatives. Parreaux, Piribauer, and Baier select alternative
paths through a transition system according to similarity or distance criteria [25].
Dubslaff et al. consider features and their interactions as candidate causes in con-
figurable software [26]. Tanhaei et al. embed SCMs into component-and-connector
descriptions to diagnose causes and evaluate the effects of design changes [27]. The
distinction from the latter approach concerns the role of the SCM: rather than tak-
ing an SCM as the starting point, we use it to represent a finite execution of the
underlying transition system, with one variable per component recording the rule
installed at that component. We construct alternative executions by replacing the
installed rules, keeping the observed initial configuration and execution schedule
fixed.

This construction also supports locality results. Corollary 6.10 shows that an
influence-closed region contains every minimal cause of an outcome stated within
that region. For future behaviour, Theorem 7.4 establishes that, when the inter-
face between two subsystems remains unchanged, their separate analyses together
recover the entire reachable set of the full system. Theorem 7.14 then allows repair
conditions to be checked on one side of such a decomposition.

Decades of work on control and feedback has studied purposeful modification
[28, 29]. In his influential books, Herbert A. Simon considered when a system can
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be divided into parts whose internal interactions are stronger than their external
ones [30, 31, 32, 33]. In our model, declared influence determines whether a region
contains every input needed for its updates. Separate subsystem analyses recover
every configuration of the full system when every interface rule leaves its component
unchanged.

We use agents only to specify who may replace each rule. Agents do not other-
wise change the system transitions. We do not address games derived from causal
models [34] or information-security models of policy coordination [35, 36].

3. System Models

We model a system as a collection of components that update one at a time.
Each component has a set of observable behaviours and a local rule for choosing
its next behaviour. The rule may read the current behaviours of specified other
components. We include internal state when it affects any of these observations or
updates.

We extend the component model of Galmiche, Lang, and Pym [18] with rules
that may be replaced. These rules allow a recorded execution to be replayed under
alternatives without adopting a separate algebra for concurrent processes [16, 15,
14].

We represent time as a sequence of steps. A scheduler chooses one component
at each step, and only that component is updated. Components that must update
together may be treated as one component with a joint rule. We require every rule
to state which other components it may read. In particular, a transaction manager
that reads the entire system prevents a smaller analysis in Section 7. That analysis
must include the complete system.

Section 4 defines agents and their authority to change rules. For now, let C be
the component set and B a set of behaviours. A map B : C → 2B assigns a non-
empty set B(c) of possible behaviours to each c ∈ C. A configuration records one
current behaviour for every component.

Definition 3.1 (Configuration). A configuration over C is a function defined for
every component, f : C → B with f(c) ∈ B(c) for every c ∈ C. The set of all
configurations is FC . When C is clear, we write F . □

For each component, we record which other components its rule may read.

Definition 3.2 (Inputs and update rules). For each c ∈ C, its input set Inf(c) ⊆
C \ {c} is the set of other components whose current behaviours the rule for c may
read. An update rule for c is a function Ic : B(c) ×

∏
d∈Inf(c) B(d) → B(c). The

collection of rules is I = {Ic}c∈C . □

In the full system, every component may be scheduled. An analysis of one
subsystem may hold a shared interface at its current value and keep that value
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available as input. We write Z ⊆ C for the components excluded from scheduling.
The ordinary system has Z = ∅.

The possible one-step updates form a transition relation. A step is labelled by
the component that is updated.

Definition 3.3 (Asynchronous transition relation). We fix a set Z ⊆ C of compo-
nents held fixed. For each c ∈ C \ Z, the c-labelled transition relation is given by
f

c−→I,Z f ′ exactly when f ′(c) = Ic(f(c), (f(d))d∈Inf(c)) and f ′(d) = f(d) for every
d ̸= c. The unlabelled relation is their union: f∆I,Zf

′ exactly when f
c−→I,Z f ′

for some c ∈ C \ Z. When Z = ∅, we abbreviate c−→I,∅ and ∆I,∅ by c−→I and ∆I ,
respectively. This definition includes a step in which the rule returns the compo-
nent’s current behaviour. We call this a stuttering update, meaning an update that
changes no value. □

Because each rule is a function, the current configuration and the scheduled
component determine one next configuration. The scheduler’s choice is the only
remaining choice. Rules that can return several results require the model to represent
the source of that uncertainty.
Remark 3.4. Under Definition 3.3, one component updates at a time. A component
with a joint rule can update several values together. The subsystem models defined
below schedule only components outside Z. The diagnostic test in Section 6 follows
the particular schedule recorded in the execution under study. □

Definition 3.5 (Influence graph and feedback). The influence graph induced by
Inf is GInf = (C, EInf), where (d, c) ∈ EInf exactly when d ∈ Inf(c). An edge d → c
means that the rule for c may read the behaviour of d. Whether the rule uses that
behaviour depends on the installed rule. A directed cycle is a feedback loop. The first
argument of Ic already represents dependence on a component’s current behaviour,
so the graph omits self-loops. □

Remark 3.6 (Feedback under asynchronous updates). The influence graph may con-
tain cycles. If c and d influence one another, for example, an update of c reads the
current behaviour of d, and a later update of d may read the new behaviour of c.
The scheduler determines their order. Section 6.4 assigns a separate variable to each
time step. The resulting causal equations never depend on later variables. Causal
models with circular dependencies require additional conditions to ensure that the
equations have solutions and to define the effects of changes [37]. □

Definition 3.7 (System model). A system model MZ = (C,B, Inf, I, F, Z,∆I,Z ,Γ),
where the entries have the meanings given above and Z ⊆ C. Let PC = {pc=b | c ∈
C, b ∈ B(c)} be the set of simple propositions about component behaviour. The map
Γ assigns to each proposition the configurations in which it is true: Γ : PC → 2F is
given by Γ(pc=b) = {f ∈ F | f(c) = b}. This map is called a state valuation. We
writeM for the ordinary modelM∅, in which every component may be scheduled.
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When Z is non-empty,MZ identifies the components held fixed, as in the subsystem
models below. We omit the superscript when Z is clear from context. □

Example 3.8. We consider a railroad-switch model with C = {Sw, LT,RT,Arr,Audit}.
Here Sw is the switch. The components LT and RT record whether the left and
right routes have been activated. The component Arr records whether the
train has arrived, and Audit stores the switch position that it most recently
observed. Let B(Sw) = {left, right} and B(LT) = B(RT) = B(Arr) = {off, on}
and B(Audit) = {left, right}. The input sets are Inf(Sw) = ∅, Inf(LT) = {Sw},
Inf(RT) = {Sw}, Inf(Arr) = {LT,RT}, and Inf(Audit) = {Sw}. The switch keeps
its current setting unless an intervention changes its rule: ISw(left) = left and
ISw(right) = right. Each route component keeps its current value until the switch
points to its route. The left route then turns on, so ILT(x, left) = on. When the
switch points right, the left route keeps x. The right route turns on when the
switch points right, so IRT(x, right) = on, and it keeps x when the switch points
left. Arr turns on once either route component is on and then stays on. We use _ as
a wildcard for every permitted value in its argument position: IArr(off, on,_) = on,
IArr(off,_, on) = on, IArr(on,_,_) = on, and IArr(off, off, off) = off. The audit
component records the switch behaviour when scheduled. IAudit(x, s) = s. Let f0
satisfy f0(Sw) = right and f0(LT) = f0(RT) = f0(Arr) = off and f0(Audit) = right.
We have f1 with f1(RT) = on and all other component behaviours unchanged after
updating RT. We then have f2 with f2(Arr) = on after updating Arr. The path
f0∆If1∆If2 records the right-hand route being activated before the train arrives.
□

For any collection q with one entry for each component in C, the notation q ↾D

denotes its restriction to components in D ⊆ C. The expression f ↾D gives the
behaviours of the components in D.

Definition 3.9 (Restricted configuration). If D ⊆ C, a configuration over D is a
function g : D →

⋃
c∈D B(c) such that g(c) ∈ B(c) for every c ∈ D. The restriction

of f ∈ F to D is f ↾D, and the set of configurations over D is FD. □

An analysis confined to a set of components needs every input that those com-
ponents may read. We call a set with this property influence-closed.

Definition 3.10 (Influence-closed region). Let D be the component set of a system
model or restriction. A set E ⊆ D is influence-closed if c ∈ E implies Inf(c) ⊆ E. □

An influence-closed region contains every declared input to each of its compo-
nents. Every declared input counts towards the condition, including inputs that the
installed rule currently leaves unused.

To verify future behaviour, we split a component set into two overlapping sub-
systems. Their overlap is the interface. We call the split admissible when each
non-interface component receives all inputs from its own side and each interface
component receives all inputs from the interface.
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Definition 3.11 (Admissible interface cut). Let D be the component set of a system
model. Let C1, C2 ⊆ D cover D, and let I = C1∩C2. We call I the interface between
the two subsystems. The triple (C1, I, C2) is an admissible interface cut for D when
C1 \ I ̸= ∅, C2 \ I ̸= ∅, and the following conditions hold.

1. If c ∈ C1 \ I, then Inf(c) ⊆ C1.
2. If c ∈ C2 \ I, then Inf(c) ⊆ C2.
3. If c ∈ I, then Inf(c) ⊆ I.

□

When an admissible cut is assigned a label λ, we write cut(λ) = (C1, I, C2). The
map cut assigns each label in its domain to its cut. Definition 3.22 includes this
map in the augmented model.

Lemma 3.12 (Sides of a cut are closed). If (C1, I, C2) is an admissible interface
cut, then both C1 and C2 are influence-closed.

Proof. For c ∈ Cj \ I, the claim follows from the condition for side j. For c ∈ I,
interface closure implies Inf(c) ⊆ I ⊆ Cj .

An admissible cut is stable when scheduling a shared component cannot change
its value.

Definition 3.13 (Stable interface cut). An admissible interface cut (C1, I, C2) is
stable for I if every rule for a shared component returns that component’s current be-
haviour. In other words, Ii(b, u) = b for every i ∈ I, b ∈ B(i), and u ∈

∏
d∈Inf(i) B(d).

□

Interface closure limits what a rule for a shared component may read. Stability
states that scheduling an interface component leaves it unchanged. A fixed-interface
restriction places the interface in Z, making it unavailable to the scheduler. When
the cut is stable, the unrestricted system also leaves the interface unchanged.
Remark 3.14 (Feedback across an admissible cut). An admissible cut may contain
feedback within either side or within the interface. The three closure conditions
place every directed cycle of GInf wholly in C1 \ I, C2 \ I, or I. All components
in a feedback loop must lie on one side or in the interface. Otherwise, the cut is
inadmissible. □

Example 3.15 (Interface). For the railroad-switch system of Example 3.8, let C1 =
{Sw,Audit}, C2 = {Sw, LT,RT,Arr}, and I = C1 ∩ C2 = {Sw}. The audit side and
the routing side share only the switch. Since Inf(Sw) = ∅, the interface is closed.
The input sets in the example satisfy the other locality conditions, so (C1, I, C2) is
an admissible cut. □
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The notation q ↾D applies to maps and indexed families. The up-harpoon is
reserved for system models. To study future behaviour on one side, we hold the
shared components fixed and analyse the remaining components on that side. We
call the resulting subsystem a fixed-interface restriction. InMZ ↾λ,Cj

, the subscript
identifies the cut λ and the selected side Cj .

For a recorded execution, we keep every component in the selected region avail-
able to the scheduler unless the original model already excludes it. We call this
subsystem a live restriction, written MZ ↾live

E .

Definition 3.16 (Fixed-interface restriction along a cut). LetMZ have component
set D, and let cut(λ) = (C1, I, C2) be an admissible cut of D, and let j ∈ {1, 2}. We
put Zj = (Z ∩ Cj) ∪ I, Infj = (Inf(c))c∈Cj , and Ij = (Ic)c∈Cj . Let ΓCj be the state
valuation on Cj , so ΓCj (pc=b) = {g ∈ FCj | g(c) = b} for c ∈ Cj . The Cj-restriction
along λ,MZ ↾λ,Cj

, is the system model (Cj ,B↾Cj , Infj , Ij , FCj , Zj ,∆Ij ,Zj ,ΓCj ). The
set Zj contains the interface and every member of Z that belongs to Cj . For c ∈
Cj \ Zj , the step g

c−→Ij ,Zj g
′ updates c to Ic(g(c), (g(d))d∈Inf(c)) and leaves every

other d ∈ Cj unchanged. The requirements above ensure that every input to Ic is
available in Cj .

If an inner cut cut(µ) = (D1, J,D2) is used within the Cj-restriction, then its
Dk-restriction (MZ ↾λ,Cj

)↾µ,Dk
holds the components in Zj,k = (Zj ∩Dk) ∪ J fixed

for k ∈ {1, 2}. Nested restrictions preserve components that were already held fixed.
□

Definition 3.17 (Live restriction to a closed region). LetMZ have component set
D, and let E ⊆ D be influence-closed. Put Z live

E = Z ∩ E, InfE = (Inf(c))c∈E , and
IE = (Ic)c∈E . Let ΓE be the state valuation on E, so ΓE(pc=b) = {g ∈ FE | g(c) =
b} for c ∈ E. The live restriction MZ ↾live

E is

(E,B↾E , InfE , IE , FE , Z
live
E ,∆IE ,Zlive

E
,ΓE).

The live restriction inherits the components that the original model holds fixed.
Every component of E \ Z remains schedulable, and influence closure makes its
update well-defined from an E-configuration. □

Remark 3.18 (Interpretation of a fixed-interface restriction). We use a fixed-interface
restriction only after the interface has been established and its values no longer
change. If the subsystems exchange new values, the interface must evolve. When the
cut is stable, the unrestricted system also leaves these interface values unchanged.
□

An intervention replaces selected rules without changing the current configura-
tion or the declared input sets.

Definition 3.19 (Intervention). For each component c, let Inp(c) :=
∏

d∈Inf(c) B(d).
An intervention is a pair (T,JT ), where ∅ ̸= T ⊆ C is the set of changed components
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and JT = (Jc)c∈T assigns each c ∈ T a replacement rule Jc : B(c)× Inp(c)→ B(c).
The application of (T,JT ) to a system model MZ yields MZ [T 7→ JT ]. For c ∈ T ,
the rule Ic is replaced by Jc. All other rules and model entries remain unchanged.
The new collection of rules and the same set Z determine the possible updates. If θ
names the replacement (T,JT ), we write Pθ = (T,JT ) for the replacement named
by θ and MZ

θ =MZ [T 7→ JT ] for the resulting model. □

Example 3.20. In the railroad model of Example 3.8, let θleft name the replacement
Pθleft = ({Sw}, (J left

Sw )). Here J left
Sw (x) = left for both x ∈ {left, right}. The application

of θleft leaves the switch in its current position. When Sw is next scheduled, the
replacement rule sets it to left. A later update of LT can then activate the left-hand
route. The installation of a rule does not execute it. □

Remark 3.21 (Preservation of a cut). Because an intervention preserves Inf, it pre-
serves every admissible cut. It preserves the stability of a cut when each replacement
on the interface also returns the component’s current value. The simpler condition
T ∩ I = ∅ is sufficient and is satisfied by the interventions considered below. The
claim does not cover an arbitrary replacement of a rule at an interface component.
□

To let formulas refer to particular cuts and rule changes, we add maps that
assign names to them. A system model with these two maps is called an augmented
model.

Definition 3.22 (Augmented model). An augmented model is a tuple M̂Z =
(C,B, Inf, I, F, Z,∆I,Z ,Γ, cut, rep), where the first eight entries form a system model.
The map cut, which may be undefined for some labels, names admissible cuts. If
cut(λ) = (D1, I,D2), its component set is D1∪D2, and the label λ may be used in a
model precisely when this is the model’s current component set. Restriction retains
labels for cuts contained in the restricted component set. Such a label becomes
available when a subsequent restriction reaches its declared component set.

The map rep assigns each intervention label θ a fixed replacement rep(θ) = Pθ =
(Tθ,J θ

Tθ
). The installation of this replacement yields M̂θ := M̂[Tθ 7→ J θ

Tθ
]. The

installation of a replacement does not change the map rep. A fixed-interface or live
restriction retains exactly those intervention labels whose targets lie in the restricted
component set. It also retains the replacement and every permitted cut label. If
Tθ ⊆ Cj , then M̂θ ↾λ,Cj

= (M̂ ↾λ,Cj
)θ. The application of an available intervention

before or after restriction gives the same result. We suppress the superscript Z on
M̂Z when the components held fixed are clear from context. □

4. Rule Replacement and Authorization

Agents control rule changes. We specify which agent controls each component
and which rules that agent may install. We do not model utilities, strategic re-
sponses, or responsibility.
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Logics for concurrent games represent what agents can achieve [38], and Glady-
shev et al. derive such a game from a Halpern–Pearl model to study strategy and
responsibility [34]. Causal games built from equations add variables for decisions and
preferences, including dependencies between agents’ decision rules [39, 40]. Work
on accountability has also treated program actions as actual causes [41]. Here an
intervention replaces the update rule installed at a component.

Let M̂Z = (C,B, Inf, I, F, Z,∆I,Z ,Γ, cut, rep) be an augmented model, and let A
be a finite agent set. For each component c, Ac ⊆ A is the set of agents allowed to
change its rule. We assume |Ac| ≤ 1, so at most one agent chooses the rule for each
controlled component. The results about updates and subsystem analysis remain
valid for shared control. The components controlled by a are Ca := { c ∈ C | a ∈ Ac }.

For each c ∈ C, the set Adm(c) lists the rules that an authorized agent
may install: Adm(c) ⊆ {Jc : B(c) ×

∏
d∈Inf(c) B(d) → B(c)}. We write

Inp(c) =
∏

d∈Inf(c) B(d) for the possible tuples of inputs to c. For a group
A ⊆ A of agents, a rule change by the group is an intervention (T,JT ). Its targets
satisfy ∅ ̸= T ⊆

⋃
a∈ACa, and each replacement rule Jc belongs to Adm(c). The

agents, their control sets, and the sets Adm(c) remain fixed, so the model notation
omits them.

We need a record of the authorized rule that each agent has installed at each
component it controls. We call this record a policy profile.

Definition 4.1 (Policy installation). A policy profile is a family Π = {Πa | a ∈ A}.
For every c ∈ Ca, the entry Πa(c) ∈ Adm(c) is the rule selected by agent a. The
installation of Π replaces the initial rules at controlled components:

inst(I,Π)c =
{

Πa(c) if there exists an agent a with c ∈ Ca,

Ic otherwise.

We install Π once, before evaluating the model at a configuration. After installation,
I denotes the rules in force, and Π records which authorized rules are installed. The
assignment of components to agents and the sets Adm(c) determine which later
interventions are authorized. System updates use the rules currently in force. □

For E ⊆ C, restriction to E retains the entries of a policy profile for components
in E. The restricted control set of agent a is Ca∩E, and we write (Π↾E)a = Πa ↾Ca∩E .
The restriction retains Adm(c) for every c ∈ E.

Definition 4.2 (Policy intervention). For a group A ⊆ A of agents and a finite
non-empty target set ∅ ̸= T ⊆

⋃
a∈ACa with replacement rules JT = (Jc)c∈T ,

where Jc ∈ Adm(c) for every c ∈ T , the policy intervention label θA,JT
names the

replacement rep(θA,JT
) = (T,JT ).

After the intervention, the policy profile Πθ is given, for a ∈ A and c ∈ Ca, by

(Πθ)a(c) =
{
Jc if c ∈ T,
Πa(c) otherwise.
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For a /∈ A, (Πθ)a = Πa. □

For every intervention label θ, define its action on an augmented model and
policy profile by JθK(M̂,Π) := (M̂θ,Πθ), where M̂θ installs the fixed replacement
rep(θ) and Πθ is the updated profile from Definition 4.2.

The application of an intervention before restricting the policy profile gives the
same result as restricting first and then applying the available intervention. If
cut(λ) = (C1, I, C2) is available for the current component set, j ∈ {1, 2}, and
Tθ ⊆ Cj , then M̂θ ↾λ,Cj

= (M̂↾λ,Cj
)θ and Πθ ↾Cj = (Π↾Cj )θ.

An agent can be a person, team, or automated controller. The signature in
Section 5 includes only those policy interventions that satisfy the rules above about
control and permitted choices.

Example 4.3 (Engineer policy). In the railroad-switch model of Example 3.8, let
A = {e} with ASw = {e} and Ce = {Sw}. We take Adm(Sw) = {J left

Sw ,J
right
Sw }, where

J left
Sw fixes the switch to left and J right

Sw fixes it to right. A policy profile with Πe(Sw) =
J right

Sw installs the right-setting rule. The policy intervention θ{e},{J left
Sw }

replaces it
with the left-setting rule. The switch changes only when it is next scheduled. A
right-hand route that is already active retains its behaviour. □

5. Syntax and Semantics

The language’s signature lists the components and their possible behaviours, the
intervention labels and their declared targets, and the cut labels and their declared
cuts. Each name specifies the components on which it may be used, making the
signature typed.

Definition 5.1. A language signature is a tuple Σ = (C,B,Θ, tg,Λ, ct). Here C
lists the components and B assigns their possible behaviours. The sets Θ and Λ
contain the intervention and cut labels. Each intervention label has a declared non-
empty target set ∅ ̸= tg(θ) ⊆ C. Each cut label specifies ct(λ) = (C1, I, C2), where
C1 ∪ C2 = D ⊆ C and I = C1 ∩ C2. We call D the component set of λ. □

A model is compatible with the signature when its intervention labels have the de-
clared targets, its retained cut labels have the declared cuts, and every replacement
rule has the required inputs and outputs.

Definition 5.2 (Compatibility with the signature). Let M̂Z be an augmented
model with current component set D ⊆ C. A cut label λ is retained when λ ∈
dom(cut). It is available at current component set D when it is retained, cut(λ) =
ct(λ) = (C1, I, C2), C1 ∪ C2 = D, and this cut is admissible for D. The model is
compatible with Σ = (C,B,Θ, tg,Λ, ct) when the following conditions hold.
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1. The available intervention labels are exactly those whose targets lie in the
current component set:

dom(rep) = {θ ∈ Θ | tg(θ) ⊆ D}.

For every such θ, if rep(θ) = (Tθ,J θ
Tθ

), then Tθ = tg(θ) and, for every c ∈ Tθ,

J θ
c : B(c)×

∏
d∈Inf(c)

B(d) −→ B(c).

2. For every retained cut label λ ∈ dom(cut),

cut(λ) = ct(λ).

An augmented Σ-model on D is an augmented model compatible with Σ that has
component set D, behaviour map B↾D, and labels from Θ and Λ. Every augmented
Σ-model below meets these requirements. Interventions preserve compatibility be-
cause their replacement rules and both label maps remain fixed. Fixed-interface and
live restrictions also preserve compatibility. They keep exactly those intervention
labels whose targets lie in the restricted component set. They keep a cut label only
when all components of its cut lie there. □

The set Θ contains only authorized policy interventions. The group must control
every target, and each proposed rule must belong to the relevant Adm(c). Formulas
use only labels in the signature. By Definition 5.2, an intervention label θ is available
in a model on D exactly when tg(θ) ⊆ D.

The full model uses D = C. Restrictions use smaller component sets.
The simplest formula states that one component has one behaviour. We call this

a state atom. For every c ∈ C and b ∈ B(c), the language contains the atom pc=b.
We recall that PC is the set of all such atoms. The typed language LΣ is generated
by

φ ::= p | ¬φ | φ ∧ ψ | □φ | ♢φ | □+φ | ♢+φ | ⟨θ⟩φ | φ∗λ ψ,

where p ∈ PC , θ ∈ Θ, and λ ∈ Λ. As usual, φ ∨ ψ, φ → ψ, and ⊤,⊥ are defined
classically. We read ♢φ as “φ holds after some next update” and □φ as “φ holds after
every next update”. The operators ♢+ and □+ quantify over non-empty finite paths.
The formula ⟨θ⟩φ evaluates φ after the intervention named by θ. The expression
φ∗λ ψ evaluates φ and ψ in the two fixed-interface restrictions named by the cut
label λ.

Typing checks that every component and label is declared for the component
set on which the formula is evaluated. Availability of a named cut is a semantic
condition. We write D ⊢Σ φ when φ can be evaluated on D ⊆ C. The judgement is
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defined recursively as follows.

D ⊢Σ pc=b iff c ∈ D,
D ⊢Σ ¬φ iff D ⊢Σ φ,

D ⊢Σ φ ∧ ψ iff D ⊢Σ φ and D ⊢Σ ψ,

D ⊢Σ □φ, ♢φ, □+φ, ♢+φ iff D ⊢Σ φ,

D ⊢Σ ⟨θ⟩φ iff tg(θ) ⊆ D and D ⊢Σ φ,

D ⊢Σ φ∗λ ψ iff ct(λ) = (D1, I,D2), D = D1 ∪D2,
D1 ⊢Σ φ and D2 ⊢Σ ψ.

The constants ⊤ and ⊥ are well typed for every component set. We call φ D-local
when D ⊢Σ φ. The support of a formula is the set of components it mentions. It
is defined by supp(pc=b) = {c}. Formulas built with “not” or “and” inherit the
support of their subformulas. The path operators do as well. For interventions,
supp(⟨θ⟩φ) = tg(θ) ∪ supp(φ). For separation, supp(φ∗λ ψ) = supp(φ) ∪ supp(ψ).
Well-typedness implies supp(φ) ⊆ D. The determination of the component set
of a subformula that uses the separation operator also requires its declared cut.
Satisfaction in a model on D is defined only when D ⊢Σ φ. Evaluation inside a
restriction uses the component set of that restriction.

5.1. Satisfaction Relation
We interpret the language on augmented Σ-models with component set D ⊆ C.

We omit subscripts on FD, ΓD, and related notation when the component set is
clear. The evaluation of a formula requires a model, its current configuration, and
the policy profile recording the installed rules at controlled components. We call
this triple a pointed model: x = (M̂, f,Π). Its entries are an augmented model,
its current configuration, and its policy profile. It is policy-consistent when the
profile records the rule that is actually in force, that is, Ic = Πa(c) for every agent
a and every controlled component c ∈ Ca ∩ D. All pointed models below satisfy
this condition. Policy interventions preserve it because they update the rule and its
profile entry together. Fixed-interface and live restrictions preserve it because they
restrict the rules and policy profile to the same component set. For an augmented
Σ-model with policy profile (M̂,Π) and an intervention label θ whose target lies in
D, the intervention action defined in Section 4 is JθK(M̂,Π) = (M̂θ,Πθ). We also
write the intervention as the single specified change (M̂, f,Π) θ−→ (M̂θ, f,Πθ), which
leaves the configuration unchanged.

If cut(λ) = (C1, I, C2) and j ∈ {1, 2}, then M̂Z ↾λ,Cj
holds the components in

Zj = (Z ∩ Cj) ∪ I fixed and has transition relation ∆Ij ,Zj from Definition 3.16. Its
state propositions obey ΓCj (pc=b) = {g ∈ FCj | g(c) = b} for c ∈ Cj . It retains
intervention labels whose targets lie in Cj , with the same replacements, and cut
labels declared for subsets of Cj . The restriction of a pointed model (M̂, f,Π) is
(M̂↾λ,Cj

, f ↾Cj ,Π↾Cj ).

15



A component held fixed is never scheduled, so its replacement rule remains
unused. Nested restrictions retain components previously held fixed before adding
their own interface. The locality results below use interventions whose targets lie
outside the interface.

Definition 5.3. For a pointed model x = (M̂, f,Π), let x[f ′] denote the same model
and policy at configuration f ′. Satisfaction is defined by the following clauses.

1. x |= p iff f ∈ Γ(p).
2. x |= ¬φ iff x ̸|= φ.
3. x |= φ ∧ ψ iff both x |= φ and x |= ψ.
4. x |= ♢φ iff some f ′ ∈ F satisfies f∆I,Zf

′ and x[f ′] |= φ.
5. x |= □φ iff every f ′ ∈ F satisfying f∆I,Zf

′ also satisfies x[f ′] |= φ.
6. x |= ♢+φ iff some f ′ ∈ F satisfies f(∆I,Z)+f ′ and x[f ′] |= φ.
7. x |= □+φ iff every f ′ ∈ F satisfying f(∆I,Z)+f ′ also satisfies x[f ′] |= φ.
8. Let xθ be the model and policy after applying θ, at the unchanged configura-

tion f . Then x |= ⟨θ⟩φ iff xθ |= φ.
9. x |= φ∗λ ψ iff λ is available at the current component set D, with cut(λ) =

(C1, I, C2), the left restriction satisfies φ, and the right restriction satisfies ψ.
These restrictions begin at f ↾C1 and f ↾C2 and use the policy profiles Π ↾C1

and Π↾C2 , respectively.

Here R+ denotes a path of one or more R-steps, and R∗ denotes a path of zero
or more R-steps. The notation □⋆φ := φ ∧ □+φ requires φ now and after every
non-empty finite path.

□

Example 5.4 (Reading the formulas in the railroad example). Let f0 be the ini-
tial right-switch configuration from Example 3.8. With the state atoms pRT=on,
pLT=on, and pArr=on, we have (M̂, f0,Π) |= ♢+pRT=on because the recorded execution
through the right route reaches a configuration with RT = on. After the intervention
that installs the constant-left switch rule, we have (M̂, f0,Π) |= ⟨θleft⟩♢+pLT=on.
For example, an execution may update Sw and then LT. The stronger formula
⟨θleft⟩□+¬pRT=on is false at f0, because a later sequence of updates may update RT
before the new switch rule is executed. □

6. Actual Causation in Recorded Executions

Halpern–Pearl models define causal variables through causal equations and rep-
resent an intervention by replacing selected equations [4, 5]. Their account of actual
causation tests whether an effect occurred, whether changing the proposed cause re-
moves it, and whether the proposed cause is minimal. Further conditions handle
cases in which one potential cause prevents another from acting [42]. We study the
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narrower question of which installed rules caused the final outcome of one completed
execution. We call this execution-relative causation.

In a replay under alternative rules, only the installed rules vary. Component
behaviours change when the recorded schedule applies those rules. Rule replacement
covers changes to policies, controllers, and thresholds. Behaviours observed during
the execution remain consequences of earlier updates. Because a replacement keeps
the same input set, it introduces no new dependency. This choice fits accounts that
explain causation through changes to rules or processes [43, 44, 6, 45, 46].

We use finite executions whose steps name the component selected at each time.
Rule replacement has the same meaning here as in the intervention operator of the
logic.

6.1. Schedule-Preserving Counterfactuals
A Boolean state formula is a true-or-false claim about one configuration. It is

built from the state atoms of Section 5 using “not” and “and”. For f ∈ FD, evaluate
each Boolean state formula well typed on D directly at f : f |=B pc=b exactly when
f(c) = b, f |=B ¬φ exactly when f ̸|=B φ, and f |=B φ ∧ ψ exactly when f |=B φ
and f |=B ψ. For every such ψ, (M̂, f,Π) |= ψ exactly when f |=B ψ. We evaluate
the effect at the final configuration. An earlier event can be used as an effect only if
the system records it, for example in a monitor that remains active after the event.

The result of a causal test depends on which replacement rules the analyst is
willing to consider. We record those choices as the allowed alternatives.

Definition 6.1 (Allowed alternatives). We fix an augmented model and the record
of its installed rules (M̂,Π). For each component c, let A(c) be the replacement
rules allowed in the analysis: A(c) ⊆ {Jc : B(c) × Inp(c) → B(c)} \ {Ic}. We write
A = {A(c)}c∈C . One may choose A(c) = Adm(c) \ {Ic}. Execution-relative replay
may also use rules that no agent is authorized to install. Such rules have no label
in Θ. □

The set A(c) may be empty, and every causal claim is relative to these choices.
We write Z for the set of components held fixed in M̂. A finite scheduled execution
is a finite execution that records the component selected at every step:

ρ : f0
s1−→I,Z f1

s2−→I,Z · · ·
sn−→I,Z fn,

where each si ∈ C \ Z. We write sched(ρ) = (s1, . . . , sn) and last(ρ) = fn.
The execution ρ uses one collection of rules and never schedules a component in

Z. A replay replaces selected rules and keeps f0, the schedule (s1, . . . , sn), and the
execution length. An analysis that changes which component moves next, which
branch is taken, or when execution stops requires a model of those choices.

Some causal analyses constrain alternative executions, derive causes from execu-
tions that violate a required property, or select nearby paths in a transition system
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[20, 23, 25]. Our alternative execution retains the initial configuration, schedule,
and execution length. Only selected mechanisms vary.

For finite T ⊆ C and alternatives jT ∈
∏

c∈T A(c), define the collection of re-
placement rules by

IT←jT
c =

{
jc c ∈ T,
Ic c /∈ T.

We call the result a same-schedule replay because it applies the new rules in the
recorded order. It is the labelled sequence

ρT←jT : fT,j
0

s1−→IT←jT ,Z fT,j
1

s2−→IT←jT ,Z · · ·
sn−→IT←jT ,Z fT,j

n ,

where fT,j
0 = f0 and

fT,j
i (c) =

I
T←jT
c

(
fT,j

i−1(c), (fT,j
i−1(d))d∈Inf(c)

)
c = si,

fT,j
i−1(c) c ̸= si.

Section 6.4 uses Kc as a variable whose value is the rule selected at c.

Definition 6.2 (Execution-relative cause). We fix a model M̂ at initial configu-
ration f0 with policy Π installed. Let Z contain the components held fixed, let A
give the allowed alternatives, and let ρ be a finite scheduled execution of the form
defined above. Let ψ be a Boolean state formula and let ∅ ̸= C⋆ ⊆ C be finite. We
use Kc as a name for the rule installed at c and KC⋆ for the tuple over C⋆. These
names become variables that select rules in Section 6.4. We write kact

C⋆ = (Ic)c∈C⋆

for the rules installed during ρ. We write

Causeer
M̂,Π,A

(
ρ;KC⋆ = kact

C⋆ , ψ
)

when the following conditions hold. The superscript er abbreviates “execution-
relative”.
(RC1) The effect occurred. At the final configuration, fn |=B ψ.
(RC2) The effect is prevented by changing the rules. There is a choice
jC⋆ ∈

∏
c∈C⋆ A(c) such that, writing ρC⋆←jC⋆ for this replay,

last(ρC⋆←jC⋆ ) ̸|=B ψ.

(RC3) No smaller set works. No non-empty proper subset C ′ ⊊ C⋆ satisfies
RC2 for any jC′ ∈

∏
c∈C′ A(c). □

The cause depends on the model, initial configuration, schedule, final claim,
and allowed alternatives. It is specific to the recorded execution and the available
replacements.
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Definition 6.3 (Labels for all alternatives). The intervention labels cover A when,
for every finite non-empty T ⊆ C and every jT ∈

∏
c∈T A(c), there is a label θT,jT

that replaces exactly the rules in T by jT . □

Since every label in Θ is authorized, Θ can cover A only if an authorized group
of agents can install each allowed rule, although Definition 6.2 does not require this.

Proposition 6.4 (Labelled interventions reproduce direct replay). If the interven-
tion labels cover A, then the direct replay ρT←jT agrees at every time with the replay
produced by applying θT,jT

and then following sched(ρ).

Proof. Both replays start at f0, install the same rules, and apply those rules to the
same scheduled component at each time. Induction over the schedule proves that
the corresponding configurations are equal.

6.2. Retry Amplification in Distributed Services
Retry storms are a familiar source of cascading failure: a slow service causes

callers to retry, the additional traffic raises the load, and the service slows further.
Operational guidance recommends increasing the delay between retries, limiting
their number, rejecting excess work, stopping calls to a failing service, and limiting
traffic at the gateway [47, 48]. Causal methods have also been applied to finding
causes of failures in services [49]. The example makes each dependency explicit and
shows how retries amplify an initial slowdown.

Let Csvc = {A,B,G,Q, S,D}. Here A and B are groups of callers, G is an
API gateway, Q a request queue, S the workers that process requests, and D the
database used by the service. The callers have B(A) = B(B) = {idle, retry}. The
other behaviour sets are B(G) = {normal, surge, capped}, B(Q) = {normal, high},
B(S) = {healthy, slow, overloaded}, and B(D) = {healthy, overloaded}. The input
sets are Inf(A) = Inf(B) = {S}, Inf(G) = {A,B}, Inf(Q) = {G}, Inf(S) = {Q}, and
Inf(D) = {S}. Figure 1 shows these components and which components each rule
may read.

A

B

G Q S D

aggressive / backoff

aggressive / backoff

open / capped

slow / overloaded

actual schedule A,B,G,Q, S,D

Figure 1: Retry amplification. The red influence edges close the feedback loop S → A, B → G →
Q → S. The database D reads S and becomes overloaded after S does.
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For X ∈ {A,B}, the installed rule retries whenever the service is slow or over-
loaded. Its alternative, called backoff, remains idle throughout the analysed interval:

Iagg
X (x, s) =

{
retry s ∈ {slow, overloaded},
idle s = healthy,

J backoff
X (x, s) = idle.

Here idle means that the population remains silent during the analysed interval.
The installed gateway rule is open.

Iopen
G (g, a, b) =

{
surge a = retry or b = retry,
normal otherwise.

The remaining rules are

IQ(q, g) =
{

high g = surge,
normal otherwise,

IS(s, q) =
{

overloaded q = high,
healthy q = normal,

ID(d, s) =
{

overloaded s = overloaded,
healthy otherwise.

We use four agents. The set Asvc contains AppA, AppB, Platform, and Service.
The control sets are CAppA = {A}, CAppB = {B}, CPlatform = {G,Q}, and CService =
{S,D}. Each Adm(c) contains the displayed rule. In addition, Adm(A) contains
J backoff

A , Adm(B) contains J backoff
B , and Adm(G) contains the capped gateway rule

introduced below. Let Πsvc select the displayed rules.
At the initial configuration f0, callers A and B are idle, the gateway and queue

are normal, the service is slow, and the database is healthy. We treat the initial
slowdown as part of the observed context. From this configuration, the installed
rules IA = Iagg

A and IB = Iagg
B generate the recorded incident execution

ρinc : f0
A−→ f1

B−→ f2
G−→ f3

Q−→ f4
S−→ f5

D−→ f6.

Table 1 records every configuration in the execution.

Table 1: The observed retry-amplification trace.
configuration A B G Q S D

f0 idle idle normal normal slow healthy
f1 retry idle normal normal slow healthy
f2 retry retry normal normal slow healthy
f3 retry retry surge normal slow healthy
f4 retry retry surge high slow healthy
f5 retry retry surge high overloaded healthy
f6 retry retry surge high overloaded overloaded
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We write ψD := pD=overloaded for the claim that the database is overloaded at
the end. The allowed alternatives for the callers are Aclient(A) = {J backoff

A } and
Aclient(B) = {J backoff

B }. Every other Aclient(c) is empty. Table 2 lists the three
relevant replays. In its final row, J backoff denotes the backoff rule for the component
in that row.

Table 2: Replays under the allowed client-policy alternatives.
replacement gateway at its update final D ψD

A 7→ J backoff
A surge (B retries) overloaded true

B 7→ J backoff
B surge (A retries) overloaded true

{A,B} 7→ J backoff normal healthy false

Proposition 6.5 (Retry amplification). Let M̂svc be the ordinary model just de-
fined, with no components held fixed, and let Πsvc be the policy profile defined above.
Relative to f0, ρinc, and Aclient, the installed pair kact

{A,B} =
(
Iagg

A , Iagg
B

)
is a minimal

execution-relative cause of database overload.

Causeer
M̂svc,Πsvc,Aclient

(
ρinc;K{A,B} = kact

{A,B}, pD=overloaded
)
.

Proof. For RC1, D = overloaded at f6. For RC2, replacing both aggressive-retry
rules by backoff makes G normal, then Q normal, S healthy, and D healthy under the
same schedule. For RC3, replacing only one rule leaves the other caller population
retrying, so G still surges and the final database overload remains. The pair satisfies
the dependence test; each singleton fails it.

Remark 6.6 (The answer depends on the allowed alternatives). We suppose the
allowed alternatives also include the capped gateway rule

J cap
G (g, a, b) =

{
capped a = retry or b = retry,
normal otherwise.

Because IQ returns normal when the gateway is either normal or capped, KG = Iopen
G

is an additional singleton cause for the same final outcome. It is incomparable by set
inclusion with the client pair {KA,KB}. The client pair remains a cause because
neither client rule alone prevents the overload. The same incident has minimal
explanations containing different numbers of components, depending on the allowed
alternatives. □

An influence-closed region containing A and B must also contain S, Q, and G.
Because the effect concerns D, the region must contain D as well. The smallest
closed region containing the proposed cause and the effect is the full model. Equiv-
alently, the feedback cycle S → A,B → G → Q → S crosses the caller–service
boundary, so that boundary is not an admissible cut.
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The gateway can also prevent the overload. Platform is authorized to apply θcap,
which replaces Iopen

G by J cap
G . We define

χsafe :=
(
pG=normal ∨ pG=capped

)
∧ pQ=normal

∧
(
pS=healthy ∨ pS=slow

)
∧ pD=healthy.

Proposition 6.7 (Limiting requests at the gateway). Let xsvc(f) denote the service
model at configuration f with policy Πsvc. At every f satisfying χsafe, xsvc(f) |=
⟨θcap⟩□⋆χsafe. It follows that xsvc(f) |= ⟨θcap⟩□⋆¬pD=overloaded.

Proof. We consider each possible scheduled component. An update of A or B may
produce retries but leaves every part of χsafe unchanged. The capped gateway can
produce only normal or capped, so Q remains normal. An update of S or D produces
healthy. Every update, including a stuttering update, preserves χsafe. Induction over
the schedule proves the result.

Proposition 6.5 identifies the two caller rules that caused the recorded failure.
Proposition 6.7 proves that changing the gateway prevents the failure on every
continuation.

6.3. Causal Analysis in Influence-Closed Subsystems
To analyse a recorded execution within a subsystem, delete steps that update

components outside an influence-closed region and keep only the component values
inside it. We call the resulting execution a projection. Let E ⊆ C be influence-closed.
For a scheduled execution ρ : f0

s1−→ · · · sn−→ fn, let i1 < · · · < im be exactly the
indices for which sij ∈ E. We define its E-projection by retaining those labelled
steps and restricting the retained configurations to E.

ρ↾E : f0 ↾E
si1−−→ fi1 ↾E

si2−−→ · · · sim−−→ fim ↾E .

If no scheduled component belongs to E, the projection is the execution with no
steps at f0 ↾E . Steps scheduled outside E leave components in E unchanged, so the
last configuration of the projected execution is fn ↾E .

Lemma 6.8 (Projection of an execution). If E is influence-closed, then ρ↾E is an
execution of the live restriction M̂↾live

E .

Proof. We consider a retained step labelled by c ∈ E. Influence closure implies
Inf(c) ⊆ E, so the global and restricted executions apply the same rule to the
same current behaviour of c and the same input tuple. They produce the same
update. A deleted step schedules a component outside E and leaves the restricted
configuration on E unchanged. The removal of the deleted steps yields exactly the
displayed execution.

The argument also applies after selected rules have been replaced.
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Theorem 6.9 (Projection preserves replay). Let E be influence-closed, let T ⊆ C be
finite, and let jT ∈

∏
c∈T A(c). We write jT∩E for the restriction of this replacement

tuple to T ∩ E. Then
ρT←jT ↾E= (ρ↾E)T∩E←jT∩E

as labelled executions of the live restriction. In particular, fT,j
n ↾E= last

(
(ρ ↾E

)T∩E←jT∩E
)
.

Proof. We use induction over the global schedule. A step outside E leaves the
restricted configuration on E unchanged for every installed rule. For a step si ∈ E,
the replay uses a replacement exactly when si ∈ T ∩ E. Both the global replay
and the replay within the live restriction use that same rule, and influence closure
gives the same input tuple in the two executions. The two replays agree on E after
each retained step. The deletion of the other steps yields the claimed equality of
executions and final configurations.

Corollary 6.10 (Minimal causes lie in the region and the schedule). Let E ⊆ C be
influence-closed, let ρ be a finite scheduled execution, and let ψE be a Boolean state
formula well typed on E. Every minimal execution-relative cause C⋆ of ψE satisfies

C⋆ ⊆ E ∩ occ(sched(ρ)),

where occ returns the components occurring in the schedule.

Proof. Let jC⋆ demonstrate RC2. By Theorem 6.9, replacing C⋆ has the same effect
on the final outcome as replacing only C⋆ ∩ E. If this intersection were empty, the
projected replay would agree with the recorded final outcome, contradicting RC2.
If it were non-empty and proper, its restricted replacement tuple would satisfy RC2,
contradicting RC3. It follows that C⋆ ⊆ E.

A replacement rule is never used at a component absent from the recorded
schedule. The removal of all such components from the replacement tuple leaves the
replay unchanged. If the resulting tuple were empty, RC2 would fail. If it were a
proper subset, RC3 would fail. No unscheduled component belongs to C⋆.

Theorem 6.11 (Causes can be found within a closed region). Let E ⊆ C be
influence-closed, let ρ be a finite scheduled execution, let ∅ ̸= C⋆ ⊆ E be finite,
and let ψE be a Boolean state formula well typed on E. Let A ↾E retain only the
allowed alternatives on E. Then

Causeer
M̂,Π,A

(ρ;KC⋆ = kact
C⋆ , ψE)

holds if and only if

Causeer
M̂↾live

E ,Π↾E ,A↾E
(ρ↾E ;KC⋆ = kact

C⋆ , ψE)

holds in the live restriction.

23



Proof. Because ψE is Boolean and uses only components in E, it has the same truth
value at a global configuration and at its E-restriction. Lemma 6.8 makes RC1
identical globally and locally. For every replacement of C⋆, Theorem 6.9 makes
RC2 identical as well. The same reasoning for every non-empty proper subset of
C⋆ makes the RC3 tests identical.

The test needs no component outside an influence-closed region that contains the
cause and effect. Feedback may occur within E because replay follows the recorded
schedule.

Corollary 6.12 (Finding causes on either side of a cut). If cut(λ) = (CL, I, CR)
is an admissible cut, then Theorem 6.11 applies with E = CR and, symmetrically,
with E = CL.

Proof. Both sides are influence-closed by Lemma 3.12.

For a stable cut, we can use a fixed-interface restriction. Let ρproj
R be obtained

from ρ↾CR
by deleting interface-labelled steps.

Corollary 6.13 (Local causation at a stable cut). Let cut(λ) = (CL, I, CR) be
stable, let ∅ ̸= C⋆ ⊆ CR \ I, and let ψR be a Boolean state formula well typed
on CR. Then the cause statement for the full model and ψR in Theorem 6.11 is
equivalent to the same judgement in the fixed-interface restriction M̂ ↾λ,CR

on the
projected execution ρproj

R .

Proof. By stability, every retained interface step in the live CR-restriction changes
no value. All replacement targets lie in CR \ I, so those steps stutter in the actual
execution and in every replay used by RC2 or RC3. Their deletion yields ex-
actly the fixed-interface execution and its replays, with every claim about the final
configuration preserved.

Example 6.14 (A cause found in one railroad subsystem). We return to the railroad
model and the initial configuration f0 from Example 3.8. We take an augmented
version of that model with the same rules and a policy profile Π consistent with
them. Its recorded execution is

ρrail : f0
RT−−→I f1

Arr−−→I f2.

It ends with Arr = on. We allow one alternative rule for RT:

J stay
RT (x, s) = x, A(RT) = {J stay

RT },

and let A(c) = ∅ for every other component. In the replay using this alternative, the
update of RT leaves it off. The following update of Arr leaves Arr off. The installed
rule at RT satisfies RC1 and RC2 for the final claim pArr=on. The proposed cause
has no non-empty proper subset, so RC3 also holds.
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We name the cut in Example 3.15 λrail. Its right side is C2 = {Sw, LT,RT,Arr}
and its interface is I = {Sw}. The rule for Sw returns its current setting, so the
cut is stable, and RT ∈ C2 \ I. By Corollary 6.13, the installed rule at RT is an
execution-relative cause of Arr = on in the full model if and only if it is a cause
in the fixed-interface restriction on C2. The local calculation uses four of the five
components. It omits Audit and gives the same causal judgement. □

6.4. Correspondence with Structural Causal Models
The locality results above use the transition-system replay semantics directly. A

finite recorded execution can also be unfolded into an acyclic SCM in which inter-
ventions on rule variables reproduce exactly the rule replacements of Definition 6.2.
Theorem 6.11 does not use this SCM representation.

Throughout this subsection, C is finite, so that the causal model has finitely
many variables. The definitions of updates and execution-relative causes also apply
to infinite component sets.

For a Boolean state formula ψ, let τi(ψ) be the corresponding claim about the
causal variables at time i. It replaces each pc=b by (V i

c = b) and leaves the “not”
and “and” structure unchanged.

We fix an augmented model M̂Z with its current rules and allowed alternatives
A. Let ρ be a finite scheduled execution of length n. We create one behaviour vari-
able for each component and time, and one rule variable for each component. The
resulting SCM is MK

unf(n,M̂,A) = ⟨U, V K , FK⟩. Variables fixed by the recorded ex-
ecution are called exogenous. The equations do not determine their values. Variables
determined by the equations are called endogenous. The sets U and V K contain the
exogenous and endogenous variables, respectively, and FK contains the equations.
The notation dom(X) denotes the possible values of X.

1. The endogenous variables are V K = {Kc | c ∈ C} ∪ {V i
c | c ∈ C, i = 0, . . . , n},

with dom(Kc) = {Ic} ∪ A(c) and dom(V i
c ) = B(c).

2. The exogenous variables are U = {U0, S
1, . . . , Sn}, where U0 fixes the initial

configuration and each Si selects the component updated at step i. Their
domains are dom(U0) = FC and dom(Si) = C \ Z for i = 1, . . . , n. The
recorded execution supplies the settings u⃗ρ = (U0 = f0, S

1 = s1, . . . , S
n = sn),

which keep the schedule variables fixed throughout the causal analysis.

3. The update equations are

Kc = Ic,

V 0
c = U0(c),

V i
c =

Kc

(
V i−1

c , (V i−1
d )d∈Inf(c)

)
if Si = c,

V i−1
c if Si ̸= c,

i = 1, . . . , n.
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Each Kc ranges over rules with the required inputs and output, and its equation
uses no other variable determined by the model. Each equation for V i

c refers only to
behaviour variables from time i−1. The modelMK

unf(n,M̂,A) is acyclic: no equation
depends, directly or indirectly, on its own result. This remains true when GInf
contains feedback. A causal model with circular equations would require additional
conditions to guarantee a solution [37]. Under the context u⃗ρ, its unique solution
has Kc = Ic and V i

c = fi(c).
For a finite replacement (T, jT ), setting the rule variables as [KT ← jT ] produces

the direct replay in this SCM. No equation for component behaviour changes. The
same variable Kc is used each time c occurs in the schedule, so replacing it changes
every scheduled use of c.

Lemma 6.15 (Rule variables reproduce replay). Let T ⊆ C be finite and jT ∈∏
c∈T A(c). In MK

unf(n,M̂,A) under u⃗ρ, the unique solution after [KT ← jT ] satisfies
V i

c = fT,j
i (c) for every c ∈ C and i = 0, . . . , n. Let mρ denote the causal model with

its recorded initial configuration and schedule. Then, for every Boolean state formula
ψ, fT,j

n |=B ψ exactly when mρ |= [KT ← jT ]τn(ψ).

Proof. At time 0, the replay and the causal model both retain f0. For step i, assume
V i−1

c = fT,j
i−1(c) for every c. The recorded settings fix Si = si. The changed rule

variable Ksi uses exactly the rule in IT←jT . Every other behaviour variable keeps
its value from time i−1. The equation for V i

si
gives the same value as the replay rule

for fT,j
i (si), and all other components retain their previous behaviours. Induction

proves the displayed equality for all times. The final equivalence follows from the
definition of τn.

Theorem 6.16 (Replay and the causal model agree). We assume C is finite. Let
ρ : f0

s1−→I,Z · · ·
sn−→I,Z fn be a finite scheduled execution, let ψ be a Boolean state

formula, and let C⋆ ⊆ C be finite and non-empty. Then Causeer
M̂,Π,A

(ρ;KC⋆ =

kact
C⋆ , ψ) holds if and only if the following conditions hold in (MK

unf(n,M̂,A), u⃗ρ).

1. τn(ψ) is true in the solution under the recorded settings.
2. For some jC⋆ ∈

∏
c∈C⋆ A(c), [KC⋆ ← jC⋆ ]¬τn(ψ).

3. No non-empty proper subset C ′ ⊊ C⋆ satisfies the preceding dependence con-
dition for any assignment jC′ ∈

∏
c∈C′ A(c).

Definition 6.2 states a minimal dependence of the final effect on the rule variables:
changing them prevents the effect, and no smaller non-empty set does. The initial
configuration, schedule, final claim, and allowed alternatives remain fixed.

Proof. For RC1, the equations for the rule variables give Kc = Ic for every c, and
the model without a rule change has V n

c = fn(c). The statement fn |=B ψ holds
exactly when its translation τn(ψ) holds under the recorded settings.
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For RC2, Lemma 6.15 matches each direct replacement tuple jC⋆ with the
change to the rule variables [KC⋆ ← jC⋆ ]. The final effect is false in the same-
schedule replay if and only if its corresponding claim at time n is false in the solution
after that change.

Proper subsets of the rule variables KC⋆ correspond one-to-one with proper
subsets of C⋆. The equivalence for RC2 makes RC3 identical in both formulations.

The SCM represents the replay semantics; it adds no causal criterion. Its rule-
variable interventions reproduce exactly the counterfactual replays used by Defini-
tion 6.2. The locality results above remain statements about the transition-system
semantics itself. Halpern–Pearl actual causation adds conditions that allow other
variables to be held fixed and test whether the conclusion survives specified changes.
These conditions handle cases in which one potential cause prevents another from
acting. When a system evolves over time, time indices record successive uses of the
selected rules. They can be omitted from a model of one update whose equations
contain no circular dependency.

7. Compositional Verification of Repairs

To verify a repair, we consider every possible order of later updates after changing
one subsystem. Under a stable cut (Definition 3.13), a proof about the unchanged
subsystem remains valid when the intervention changes rules only on the other side.
Definition 7.1 calls such a change cut-local.

Definition 7.1 (Cut-local intervention). Let cut(λ) = (CL, I, CR) be a named ad-
missible cut. An intervention label θ is λ-right-local when tg(θ) ⊆ CR \ I, and
λ-left-local when tg(θ) ⊆ CL \ I. □

Lemma 7.2 (Cut preservation). A cut-local intervention preserves admissibility. If
the cut is stable before the intervention, it remains stable afterwards.

Proof. An intervention preserves every input set, so the three requirements for the
cut are unchanged. A cut-local target is disjoint from the interface, so every rule
for a shared component is also unchanged.

For any admissible cut, a change on one side leaves the fixed-interface restriction
on the other side unchanged.

Lemma 7.3 (A change on one side preserves the other). Let x = (M̂, f,Π) have
the named admissible cut cut(λ) = (CL, I, CR). Let θ be λ-right-local, and let α be
any formula well typed on CL. We write xL = (M̂ ↾λ,CL

, f ↾CL
,Π ↾CL

). Then the
fixed-interface restriction of xθ on the left is xL, and x |= α∗λ⊤ iff x |= ⟨θ⟩(α∗λ⊤).
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Proof. On CL, the intervention changes neither the current configuration nor the
rules or policy entries. It also preserves which components are excluded from
scheduling and which cut and intervention labels are available. The two left restric-
tions are identical. Admissibility is preserved by Lemma 7.2, and the satisfaction
clause for ∗λ yields the displayed equivalence.

To reason about all continuations, we first characterize the configurations that
the full system can reach. For a system model N at configuration g, write

ReachN (g) = {h | g(∆N )∗h},

where ∆N denotes its current relation of possible updates. For sets RL ⊆ FCL
and

RR ⊆ FCR
, their compatible join contains each full configuration whose left and

right parts belong to the two sets:

RL ▷◁I RR = {h ∈ FCL∪CR
| h↾CL

∈ RL and h↾CR
∈ RR}.

Every configuration reachable in a fixed-interface restriction agrees with the initial
configuration on I, so compatibility is automatic.

Theorem 7.4 (Reachability across a stable cut). Let cut(λ) = (CL, I, CR) be stable
inMZ , and let f be a configuration. We putML =MZ ↾λ,CL

andMR =MZ ↾λ,CR
.

Then ReachMZ (f) = ReachML
(f ↾CL

) ▷◁I ReachMR
(f ↾CR

).
If θ is λ-right-local, then with MZ

θ the intervened model and MR,θ =MZ
θ ↾λ,CR

,
ReachMZ

θ
(f) = ReachML

(f ↾CL
) ▷◁I ReachMR,θ

(f ↾CR
).

The intervention leaves the reachable set on the left unchanged.

Proof. We prove the second equality. The omission of θ gives the first. The cut
remains stable by Lemma 7.2.

For the inclusion from left to right, take a finite global path from f to h. We
delete every step scheduled in CR\I and every interface step. Interface steps stutter
by stability, and a step in CL \ I reads only CL, so the remaining sequence is a path
of ML from f ↾CL

to h ↾CL
. Symmetrically, deleting steps in CL \ I and interface

steps yields a path ofMR,θ to h↾CR
. The configuration h belongs to the compatible

join.
For the reverse inclusion, choose any gL ∈ ReachML

(f ↾CL
) and gR ∈

ReachMR,θ
(f ↾CR

). By the definition of Reach·(·), finite local paths reach gL and
gR. We follow the left path first in the full model after the intervention. Each step
uses the same rule and the same inputs as in the left restriction. The behaviours
of the components in CR \ I and the interface remain fixed. Then follow the right
path. The same argument applies there. The left restriction remains gL. The two
local configurations have a unique union whose restrictions are gL and gR. Every
compatible pair is globally reachable.
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Corollary 7.5 (Number of reachable configurations). Under the hypotheses
of Theorem 7.4, let θ be a λ-right-local intervention. If ReachML

(f ↾CL
) and

ReachMR,θ
(f ↾CR

) are finite, then

|ReachMZ
θ

(f)| = |ReachML
(f ↾CL

)| |ReachMR,θ
(f ↾CR

)|.

Proof. Every configuration reachable in either fixed-interface restriction agrees with
f ↾I on the interface. Every pair of locally reachable configurations is compatible
and has a unique union on CL ∪ CR. We apply Theorem 7.4.

For an ordinary model, stability is also necessary if this equality is to hold from
every initial configuration.

Theorem 7.6. Let M be an ordinary model with Z = ∅, and let cut(λ) =
(CL, I, CR) be admissible. The cut is stable iff for every initial configuration f ,

ReachM(f) = ReachM↾λ,CL
(f ↾CL

) ▷◁I ReachM↾λ,CR
(f ↾CR

).

Proof. Stability implies the equality by Theorem 7.4. Conversely, suppose the cut
is not stable. Then for some i ∈ I, behaviour b ∈ B(i), and values u for its interface
inputs, Ii(b, u) ̸= b. Because F contains every well-typed configuration, choose f
realizing f(i) = b and the tuple u on Inf(i). Since Z = ∅, scheduling i produces a
next full configuration f ′ with f ′(i) ̸= f(i). Both fixed-interface restrictions hold
every component of I fixed, so every configuration in their compatible join still
restricts to f ↾I . The globally reachable configuration f ′ is absent from the join,
contradicting the stated equality.

The two local analyses recover reachability from every initial configuration only
if the unrestricted system also leaves the interface unchanged.

An invariant is a property that holds now and after every later update. The
following theorem gives the condition under which two subsystem invariants hold in
the full system.

Theorem 7.7 (Combining invariants across a stable cut). Let x = (M̂Z , f,Π) have
a named cut cut(λ) = (CL, I, CR) that is stable, let θ be λ-right-local, let αL be well
typed on CL, and let αR be well typed on CR. Let xL be the fixed-interface restriction
of x on the left, and let xR,θ be the restriction on the right after applying θ. Then
x |= ⟨θ⟩□⋆(αL∗λ αR) iff xL |= □⋆αL and xR,θ |= □⋆αR.

Proof. At every globally reachable configuration g, the fixed-interface restriction on
the left uses the model and policy of xL at configuration g ↾CL

. After θ, the right
restriction uses the model and policy of xR,θ at configuration g ↾CR

. Only the current
configuration changes. Each local formula can be evaluated in its own restriction.

For the left-to-right direction, take any configuration reachable in one local re-
striction and pair it with the initial configuration of the other. The right-to-left
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direction of Theorem 7.4 yields a global configuration with this pair of restrictions.
The assumed global formula then gives the required local formula. For the right-
to-left direction, the restriction of every globally reachable configuration to either
side is locally reachable, so both restrictions satisfy their respective formulas. The
current configuration is included by □⋆.

A frame rule carries a property of an unchanged subsystem across an intervention
on the other subsystem.

Corollary 7.8 (Frame rule). Let x = (M̂Z , f,Π) have stable cut cut(λ) =
(CL, I, CR), let θ be λ-right-local, and let ιL be well typed on CL. If the fixed-
interface restriction xL on the left satisfies □⋆ιL, then x |= ⟨θ⟩□⋆(ιL ∗λ ⊤). The
left-local version is symmetric.

Proof. We apply Theorem 7.7 with αR = ⊤.

7.1. Necessity of the Frame Conditions
The input assumptions apply to every rule with the specified inputs and out-

put. The following examples give countermodels when input closure or stability
fails. Proposition 7.10 proves necessity of influence closure, and Theorem 7.6 proves
necessity of stability for the universal reachability equality.

Example 7.9. We take components l, r with E = {r} and l ∈ Inf(r). Let both
behaviour sets be {0, 1} and choose a rule for r that copies l. Two global config-
urations can agree on r and assign distinct values to l. A scheduled update of r
yields one next behaviour in each configuration. No transition rule based only on
the restricted configuration over E can reproduce both updates, so Theorem 6.9
cannot be guaranteed without influence closure. □

Proposition 7.10 (Why influence closure is necessary). Let E ⊆ D. We suppose
some c ∈ E has a declared input d ∈ Inf(c) \ E, and suppose both B(c) and B(d)
contain at least two behaviours. Then there exists a collection of rules respecting
the declared input sets for which scheduling c produces a restricted configuration
on E that is not determined by the current restricted configuration. Except when a
component has only one possible behaviour, any projection theorem that covers every
rule with the stated inputs and outputs requires influence closure.

Proof. We choose distinct d0, d1 ∈ B(d) and distinct c0, c1 ∈ B(c). We define a
permitted rule for c that returns c0 when the d-input is d0 and c1 when it is d1. Its
outputs on all other inputs may be arbitrary. We choose two global configurations
that agree on all of E and on every other input of c. We assign d0 and d1 to d in the
respective configurations. The scheduling of c produces c0 and c1, respectively, from
configurations that initially agree on E. No transition function of the restricted
configuration on E alone can reproduce both global updates.
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Example 7.11. We take CL = {l, i}, CR = {i, r}, and I = {i}. Let r have no
inputs, let the rule for the shared component copy r, and let l copy i. The left and
right first two input requirements hold. The requirement for shared components fails
because r ∈ Inf(i). A right-local replacement of the rule at r, followed by updates
of r, i, l, can change l. A frame statement for the left side is invalid for this cut. □

Example 7.12. We take an admissible cut with one interface bit i whose input set
is empty and whose rule toggles the bit. An update of i in the full model changes
both the CL- and CR-restrictions. Each fixed-interface restriction holds i fixed. The
next full configuration cannot be obtained by joining two configurations reachable
in the fixed-interface restrictions, as in the converse direction of Theorem 7.6. □

7.2. Local Verification of Repairs
Theorem 7.4 allows us to check a repair in the two subsystem models. We accept

a change when the failure is possible before the repair, the unchanged subsystem
preserves its required property, and every configuration reachable after the change
is safe.

Definition 7.13 (Local repair test). We fix x = (M̂Z , f,Π) with stable cut cut(λ) =
(CL, I, CR), a formula ιL well typed on CL, and Boolean state formulas β and σR

well typed on CR. Let xL and xR be the two fixed-interface restrictions at f . A
λ-right-local intervention θ passes the local repair test when

1. xR |= ¬β ∧ ♢+β.
2. xL |= □⋆ιL.
3. (xR)θ |= □⋆(σR ∧ ¬β).

The first clause requires the failure to be initially absent and later reachable. The
second gives the property preserved by the unchanged subsystem. The third re-
quires every continuation of the modified right subsystem to satisfy σR and exclude
the failure. The definition requires safety from the instant of installation. An in-
tervention changes the rule but not the current configuration, and □⋆ includes that
initial configuration. A □+ condition would omit only the configuration immedi-
ately after the rule is installed. A guarantee of eventual recovery would also need
an assumption that the scheduler eventually chooses the required components. □

Theorem 7.14 (The local and global repair checks agree). Under Definition 7.13,
a right-local intervention θ passes the local repair test if and only if the following
three formulas hold: x |= ¬β ∧ ♢+β, xL |= □⋆ιL, and x |= ⟨θ⟩□⋆

(
(ιL∗λ σR) ∧ ¬β

)
.

Proof. Because β is a Boolean state formula well typed on CR, a configuration
satisfying β is reachable globally exactly when one is reachable in the fixed-interface
restriction on the right. The initial configuration has the same truth value for β in
both models. Because β is initially false, any path that first reaches a configuration
satisfying β must contain an update in CR\I. An update in CL\I cannot change any
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component in CR. An update of a shared component changes nothing by stability.
Since β is a Boolean state formula well typed on CR, both kinds of step preserve its
truth value. A non-empty global path reaches β exactly when a non-empty path in
the right fixed-interface restriction does.

If the three local conditions hold, Theorem 7.7 combines the property preserved
on the left with the property on the right □⋆(σR ∧ ¬β). Since β is right-local and
Boolean, at each global configuration ιL∗λ (σR ∧ ¬β) is equivalent to (ιL∗λ σR) ∧
¬β. Conversely, every continuation of the right restriction can be paired with the
initial left configuration to obtain a global continuation. The global formula implies
the property on the right. The condition for the left side is the same in both
formulations.

For finite systems, Theorem 7.14 supports checking each candidate in the sub-
system it changes. Algorithm 2 states the procedure. The control relation and the
sets Adm(c) determine which candidates are authorized. The profile Π records the
installed rules.

8. Finite-State Verification Algorithms

Theorems 6.11 and 7.14 yield algorithms when component behaviour sets, al-
lowed alternatives, and repair candidates are finite. We write supp(ψ) for the com-
ponents mentioned by state atoms in a Boolean formula ψ, and ClInf(S) for the least
influence-closed set containing S. The operation Replay starts from the recorded
initial configuration and applies the replacement rules under the recorded schedule.
The operation Reach searches a graph whose nodes are configurations and whose
arrows are possible updates. It includes the initial configuration.
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Algorithm 1 Finding causes of a recorded execution
Require: finite M̂, execution ρ, final claim ψ, alternatives A
Ensure: all minimal cause sets, each with one replacement that demonstrates it

1: if last(ρ) ̸|=B ψ then
2: return ∅ ▷ RC1 fails
3: end if
4: E ← ClInf(supp(ψ))
5: ME ← M̂↾live

E , ρE ← ρ↾E , and AE ← A↾E

6: Q← {c ∈ E | c occurs in sched(ρE) and AE(c) ̸= ∅}
7: Causes← ∅
8: for k = 1, . . . , |Q| do
9: for all T ⊆ Q with |T | = k do

10: if ∃(C, jC) ∈ Causes with C ⊊ T then
11: continue ▷ RC3 fails
12: end if
13: for all jT ∈

∏
c∈T AE(c) do

14: ρ′ ← Replay(ME , ρE , T, jT )
15: if last(ρ′) ̸|=B ψ then ▷ RC2 holds
16: Causes← Causes ∪ {(T, jT )}
17: break
18: end if
19: end for
20: end for
21: end for
22: return Causes

The closure in line 4 contains the components in the final claim and recursively
adds all of their declared inputs. A component outside this closure cannot change
the final outcome under replay. A component absent from the recorded schedule
never uses its replacement rule. Theorem 6.9 and Corollary 6.10 justify lines 4–6.
The algorithm examines smaller candidate sets first. Once it finds a cause, RC3
excludes every proper superset of that cause. The algorithm returns every minimal
cause set and one set of replacement rules that demonstrates RC2 for each set.
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Algorithm 2 Checking repairs locally
Require: finite x with stable cut λ, bad condition β, left invariant ιL, right target

σR, candidates Θcand
R that are authorized and right-local

Ensure: candidates that pass Definition 7.13
1: construct the fixed-interface restrictions xL and xR at x
2: L← Reach(xL)
3: if ∃ℓ ∈ L with xL[ℓ] ̸|= ιL then
4: return ∅ ▷ the left invariant fails
5: end if
6: R0 ← Reach(xR)
7: if xR ̸|= ¬β or ∄r ∈ R0 with r |=B β then
8: return ∅ ▷ the check before repair fails
9: end if

10: Repairs← ∅
11: for all θ ∈ Θcand

R do
12: Rθ ← Reach((xR)θ)
13: if ∀r ∈ Rθ : r |=B σR ∧ ¬β then
14: Repairs← Repairs ∪ {θ}
15: end if
16: end for
17: return Repairs, optionally ordered by a supplied ranking

When ιL is a Boolean state formula, as in the finite examples below, the first
test is a direct scan of the configurations in L. For a general CL-local formula, it
invokes the model-checking semantics at each pointed model xL[ℓ].

The check before repair uses non-empty reachability. Since it first checks ¬β at
the initial configuration, searching the reachable set for a β-configuration is equiv-
alent to the ♢+β clause. The algorithm searches the left restriction and the right
restriction before repair once, then searches only the right restriction for each can-
didate. By Theorem 7.14, Algorithm 2 returns exactly the supplied candidates that
pass the local repair test. The optional ranking does not affect which candidates
pass.

9. Safety Verification in Retrieval-Augmented Generation

We apply Theorem 7.14 to a RAG system after retrieval has committed the
context used by generation. We study safety in the generation subsystem. Analysing
retrieval and generation together would also require a model of the earlier retrieval
phase.

9.1. System Architecture
Retrieval-augmented generation (RAG) couples a retrieval pipeline with a large

language model by selecting and ranking evidence that is then supplied to the
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model as context [50, 51]. The components implementing retrieval, ranking, and
subsequent processing may be neural networks, hand-written rules, search proce-
dures, or compositions thereof. More generally, systems such as DSPy structure
language-model applications as compositions of modules, including modules that
invoke language models themselves [52].

Our model begins after retrieval and ranking have committed the context sup-
plied to generation. A committed context remains fixed for the phase being anal-
ysed. The component PortCtx stores this context, and its rule returns the stored
value when scheduled. We test whether an invariant established at the commit
boundary remains valid when a release rule in the generation subsystem is analysed
and replaced. Tracing an output back to earlier retrieval decisions would require
a model of the preceding phase, including the transfer of context between the two
phases. The example verifies release control after commitment but does not verify
retrieval, and the invariant concerns only the committed context and its validation
record.

We represent the system by the augmented model M̂rag of Definition 3.22. In the
full model for the phase after commit, Z = ∅, so every component may be scheduled.
Its components are Tok, Retr, Rank, CtxOut, Prov, PortCtx, PortDecReq, Tool, Dec,
Guard, Release, and Mem. At any configuration f , write xrag(f) = (M̂rag, f,Π). The
retrieval side tokenizes the query, retrieves and ranks evidence, constructs a context
in CtxOut, and uses Prov to record whether checks on the source of the context
passed. The analysed phase begins after the context and any tool request have been
committed to PortCtx and PortDecReq. The decoder reads those values. The guard
accepts or blocks the draft, and Release decides whether to publish it.

retrieval side generation sidestable interface
for this phase

Tok Retr Rank

Mem CtxOut

Prov

PortCtx

PortDecReq Tool

Dec

Guard

Release

θpolicySaf

Figure 2: The RAG system after context is committed. Solid arrows show which components may
read which others during the analysed phase, including both directions between Retr and Mem.
Dashed grey arrows show work completed earlier. The shared component PortCtx is held fixed in
each subsystem model, and the intervention changes only Release.

The behaviour sets are B(Tok) = {ok, err}, B(Retr) = {none, rel, spur},
B(Rank) = {good, bad}, and B(CtxOut) = {short, long, noctx}. B(Prov) =
{valid, invalid}, B(PortCtx) = {short, long, noctx}, B(PortDecReq) = {off, on}, and
B(Tool) = {off, on, fail}. B(Dec) = {safe, unsafe, abort}, B(Guard) = {pass, block},
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B(Release) = {hold, safe-out, unsafe-out}, and B(Mem) = {hit,miss}.
The declared input sets for the analysed phase are Inf(Tok) = ∅, Inf(Retr) =

{Tok,Mem}, Inf(Rank) = {Retr}, and Inf(CtxOut) = {Rank,Mem}. Prov,
PortCtx, and PortDecReq have no declared inputs: Inf(Prov) = Inf(PortCtx) =
Inf(PortDecReq) = ∅. The remaining input sets are Inf(Tool) = {PortDecReq},
Inf(Dec) = {PortCtx,Tool}, Inf(Guard) = {Dec}, Inf(Release) = {Dec,Guard}, and
Inf(Mem) = {Retr}. The components Tok, Retr, Rank, CtxOut, Tool, Dec, Guard,
and Mem may use any rule defined for every permitted combination of inputs. The
results below hold for every such choice.

The rule for Release is currently permissive.

Iperm
Release(r, d, g) =


unsafe-out d = unsafe and g = pass,
safe-out d = safe and g = pass,
hold otherwise.

During this phase, the rule x 7→ x applies to each of PortCtx, PortDecReq, and
Prov. It returns the current value. All three remain schedulable in the full model,
and scheduling any of them changes nothing.

9.2. Component Ownership and Interface Invariants
The agent set is Arag = {Orch,Safety}. The orchestrator’s control set COrch

contains Retr, Rank, CtxOut, Dec, and Tool. The safety owner’s set CSafety contains
Guard and Release. For each controlled component c, the profile Π gives its installed
rule from Adm(c). For Release, the authorized choices are the permissive rule cur-
rently in force, Iperm

Release, a rule that always holds the output, and a rule defined below
that releases only safe drafts. Initially, ΠSafety(Release) = Iperm

Release.
Let λ = λretr-gen name the cut with interface Iretr = {PortCtx}. Its left com-

ponent set Cretr
1 contains Tok, Retr, Rank, Mem, CtxOut, Prov, and PortCtx. Its

right component set Cgen
2 contains PortCtx, PortDecReq, Tool, Dec, Guard, and

Release. The input sets satisfy the requirements for analysing each side separately,
and Inf(PortCtx) = ∅ ⊆ Iretr. The rule for PortCtx returns its current value, which
makes the cut stable. The commit shown by the dashed arrow in Figure 2 belongs
to the preceding phase. In both fixed-interface restrictions, PortCtx is held fixed and
cannot be scheduled.

The invariant supplied at the boundary of the analysed phase is

ιretr := pProv=valid ∧ pPortCtx=short.

Prov = valid records that the source of the committed context passed the stated
checks. The model does not represent whether the context is factually correct. We
assume that the initial configuration f of this phase satisfies ιretr. The model proves
preservation during this phase, not establishment during the preceding retrieval
phase. Write xL

rag(f) for the left restriction. Since PortCtx is held fixed and the
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rule for Prov returns its current value, xL
rag(f) |= □⋆ιretr. Other components on the

retrieval side may continue to update, but their behaviour is not needed to prove
this invariant.

The model leaves the private retrieval-side components schedulable during this
phase but fixes the context exported through PortCtx. Those components may
evolve internally without changing the value seen by the generation subsystem.
Independent post-commit updates on the two sides produce the state-space product
counted below. The counts apply to this finite model and do not estimate the
reduction in a deployed RAG system.

9.3. Verification of Release Policies
A rule that always holds the output prevents unsafe publication but also

blocks safe drafts. A guarded rule releases safe drafts and holds all others. Define
J hold

Release(r, d, g) = hold for every input, and define the guarded release rule

J safe
Release(r, d, g) =

{
safe-out d = safe and g = pass,
hold otherwise.

Take
Adm(Release) = {Iperm

Release,J
hold
Release,J safe

Release}.

Let θhold install the hold rule and let θpolicySaf install the guarded rule. The safety
owner may authorize either intervention. Both are right-local for λ. We compare
two release rules by the inputs on which they release a safe output. For rules J1, J2,
write J1 ⪯rel J2 when

{(r, d, g) | J1(r, d, g) = safe-out} ⊆ {(r, d, g) | J2(r, d, g) = safe-out}.

Under this ordering, J2 ranks at least as high as J1 when it releases safely on every
input where J1 does. We write J1 ≺rel J2 when the first inclusion holds and the
reverse inclusion fails.

Take a configuration f at the start of the phase that satisfies f(Dec) = unsafe,
f(Guard) = pass, and f(Release) = hold. Let xR be the fixed-interface restriction of
xrag(f) on the right. Before intervention, scheduling Release under the permissive
rule currently in force immediately gives unsafe-out. The right restriction satisfies
xR |= ¬pRelease=unsafe-out ∧ ♢+pRelease=unsafe-out.

Proposition 9.1. At the configuration f above:

1. The permissive rule currently in force fails the safety condition.
2. Both θhold and θpolicySaf establish □⋆¬pRelease=unsafe-out in xR.
3. Among the rules in Adm(Release) whose installation makes unsafe release un-

reachable from xR, J safe
Release is the only rule that releases safely on every input

where any other such rule does.
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Proof. For item 1, a Release step from the stated configuration returns unsafe-out.
For item 2, the hold rule returns only hold; the guarded rule returns only hold or
safe-out. Updates of other components leave the behaviour of Release unchanged. No
schedule reaches unsafe-out from the stated configuration after either intervention.

For item 3, J hold
Release never releases a safe output. The rule J safe

Release releases a safe
output exactly when d = safe and g = pass, for every current behaviour r of Release.
We have J hold

Release ≺rel J safe
Release. Item 1 excludes the permissive rule. Together with

the strict inclusion above, this proves item 3.

Both replacement rules satisfy the release-safety condition in xR. When the
retrieval-side invariant also holds, the local repair test combines it with the indepen-
dently established release-safety condition. The guarded rule ranks higher because
it releases safe output.

9.4. Preservation of the Retrieval Invariant
For an initial configuration f satisfying the boundary invariant, write x =

xrag(f). Let xL be its fixed-interface restriction on the left. Let xR be the right
restriction defined in Section 9.3. By the argument in Section 9.2, xL |= □⋆ιretr.
By Proposition 9.1, (xR)θpolicySaf |= □⋆¬pRelease=unsafe-out, and unsafe release is reach-
able on the right before the repair. Taking β = pRelease=unsafe-out and σR = ⊤, all
clauses of the local repair test in Definition 7.13 hold for both replacement rules.
The formulas below use θpolicySaf , the higher-ranked rule.

Theorem 7.14 yields these formulas for the full system:

x |= ¬pRelease=unsafe-out ∧ ♢+pRelease=unsafe-out

and
x |= ⟨θpolicySaf⟩□⋆(

(ιretr∗λ ⊤) ∧ ¬pRelease=unsafe-out
)
.

Theorem 7.7 also combines the retrieval invariant on the left with the release-safety
invariant on the right. The retrieval-side preservation argument is reused for every
candidate release rule.

For this finite example, Corollary 7.5 determines the number of configurations
that the full system can reach. If NL configurations of the retrieval side and N θ

R

configurations of the generation side are reachable under a candidate θ, then the
full system can reach NLN

θ
R configurations. After checking the NL retrieval con-

figurations once, each candidate requires only the reachable configurations on the
right.

9.5. Verification Assumptions and Limitations
The model begins after Retr and Rank have produced the committed context.

The component PortCtx retains that value throughout the phase. The guarantee
covers a change to the release rule for that context. An analysis of retrieval and
generation together would also require a model of the earlier retrieval phase.
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10. Finite Model Verification

A Python program evaluates Algorithms 1 and 2 on the finite examples. It
enumerates the configurations and transitions, replays the recorded schedules, de-
termines which components must be included with the stated inputs, and finds the
reachable configurations. It reproduces the reported causes, the three RAG traces,
and the equality between the configurations reachable by the full model and all
compatible pairs from the two subsystem sets. These checks concern only the finite
models. They do not measure a service in operation. To compare the RAG release
rules, the program examines every input (r, d, g) and records those for which each
rule returns safe-out. It then orders these sets by inclusion.

For the retry model, the program reproduces every row of Table 1. Table 3
reports the causal search results. Here, starting from D, the calculation repeatedly
adds the declared inputs of each retained component. It retains all six components,
as predicted by the feedback analysis in Section 6.2. With only the two client alter-
natives, the program performs two singleton replays and one pair replay, returning
exactly {A,B}, as Proposition 6.5 predicts. The addition of the gateway cap pro-
duces the additional singleton cause {G} from Remark 6.6. Once {G} is found, RC3
excludes its proper supersets, so only one additional replay is needed.

Table 3: Cause search for the retry model in Section 6.2.
components with alternatives components in E replays minimal causes
A,B 6 3 {A,B}
A,B,G 6 4 {G}, {A,B}

The safety proof does not constrain most rules outside Release. To enumerate all
reachable configurations, the finite model assigns each component one rule defined
for every permitted input. In this model, a valid token produces relevant retrieval,
a good rank, and a cache hit. The context is short exactly when the rank is good
and the cache records a hit. The tool follows the committed request. The decoder
returns a safe draft exactly when the context is short and the tool is on, and the
guard passes exactly those safe drafts. In the global model, Prov, PortCtx, and
PortDecReq use the identity rules specified in Section 9.1. The two local restric-
tions also hold PortCtx fixed. The complete initial configuration and these rules are
given in prototype/experiments.py, in build_rag_models. The conditions in
Section 9.3 list the facts about this initial configuration that the proof uses. Here,
scheduling Release immediately under the permissive rule yields unsafe-out. Under
the guarded rule, scheduling Release once leaves the release on hold. The schedule
(Tool,Dec,Guard,Release) under the guarded rule reaches safe-out, demonstrating
that the selected repair permits safe publication.

Table 4 reports the reachability counts. The program checks the left invariant
over six configurations. It checks whether failure is reachable before repair over 13
configurations of the right restriction. The two candidates require six and seven
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configurations of that restriction. The global calculations confirm the products
6 · 13 = 78, 6 · 6 = 36, and 6 · 7 = 42. Here, checking the permissive rule and both
candidates examines 32 local configurations. Three global checks examine 156, a
factor of 4.875 in this example.

Table 4: Configurations examined for the RAG model in Section 9.
release rule right count global count result
permissive before repair 13 78 unsafe reachable
complete hold 6 36 accepted
guarded release 7 42 accepted, ranked first

On a 13th-generation Intel Core i7-13620H with Python 3.14.4, 100 repetitions
gave median times of 0.45 ms for both retry cases and 12.10 ms for all RAG checks,
including the separate calculations on the full model. These timings are only il-
lustrative. The numbers of configurations and replays are fixed. The number of
combinations considered while finding causes grows exponentially with the num-
ber of candidate components and alternatives. The work needed to find reachable
configurations grows in direct proportion to the number of configurations and pos-
sible updates. Those numbers may themselves grow exponentially with the number
of components. In these finite examples, subsystem analysis avoids enumerating
compatible combinations with configurations of the unchanged subsystem. The re-
ported ratios describe these particular finite models and are not general complexity
improvement factors. Subsystem analysis does not change these upper bounds.

11. Validation of the Logical Semantics

The locality theorems do not depend on the results in this section. Formulas in
the logic of Section 5 should not distinguish systems that agree on current facts and
match one another’s updates, interventions, and named subsystem restrictions.

We define this behavioural equivalence as a bisimulation (cf. [53, 54]). Bisimilar
pointed models satisfy the same well-typed formulas. On the stated image-finite
class closed under the relevant constructions, agreement on all well-typed formulas
also yields a bisimulation.

The compared models use the same signature Σ. Throughout this section, they
also use the same agent set, control relation, and authorization sets Adm(c). Every
intervention label θ is interpreted in each model by an authorized policy intervention
with declared target tg(θ). The particular replacement associated with a label may
be model-dependent; the intervention clause of bisimulation compares the resulting
intervened models. By Definition 5.2, each model’s intervention targets and retained
cuts match those declared in the signature. These results concern the formulas of
Section 5. The causal test also depends on transition labels and a recorded execution.
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Definition 11.1 (Image-finiteness). A class of pointed models based on augmented
Σ-models is image-finite, meaning each model, including any model obtained by
intervention or restriction, has only finitely many immediate successors. The label
sets Θ and Λ may still be infinite. □

Definition 11.2 (Bisimulation). For xi = (M̂i, fi,Πi), let Zi be the components
held fixed in M̂i. We write xi[y] for model i with the same policy at state y,
and write xθ

i for the result of applying θ to xi. A relation R between pointed Σ-
models with the same current component set is a bisimulation for the language if
the following conditions hold whenever x1Rx2.

1. State facts. The two states agree on every state atom that uses the current
component set.

2. Steps. If f1∆I1,Z1y1, some y2 satisfies f2∆I2,Z2y2 and x1[y1]Rx2[y2]. The
same condition holds with the roles of f1 and f2 reversed.

3. Interventions. For every θ whose target set lies in the current component
set, xθ

1Rxθ
2.

4. Named cuts. For every λ ∈ Λ whose declared component set is the current
component set, the two models agree on the availability of that cut. If

cut1(λ) = ct(λ) = (C1, I, C2),

then cut2(λ) = ct(λ) is also defined and admissible relative to the current
component set. For j = 1, 2, write xi,λ,j = (M̂i ↾λ,Cj

, fi ↾Cj ,Πi ↾Cj ). We
require x1,λ,jRx2,λ,j . The same condition holds with the models exchanged.

□

Theorem 11.3 (Bisimulation invariance). If x1Rx2 for a bisimulation, then x1 |= φ
if and only if x2 |= φ for every formula φ ∈ LΣ well typed at their current component
set.

Proof. We proceed by induction on how the formula is built. Simple propositions
and the cases for “not” and “and” are immediate. The forward and backward step
clauses, together with the induction hypothesis, prove the ♢- and □-cases. Repeated
use of those clauses matches every finite non-empty path and proves the ♢+- and
□+-cases. For ⟨θ⟩ψ, the intervention clause relates the two intervened models, whose
configurations are unchanged. We apply the induction hypothesis to ψ. For φ∗λ ψ,
the definition uses the same named cut in both models and relates their left and
right restrictions. The two induction hypotheses give the two required parts of the
satisfaction rule. The reverse implications use the same matching conditions in the
opposite direction.

Theorem 11.4 (Hennessy–Milner converse). Let x1 and x2 be pointed models based
on augmented Σ-models with the same current component set. We suppose they
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belong to an image-finite class. We assume that the class is closed under taking
pointed successors, under every intervention label available at the current compo-
nent set, and under every available named fixed-interface restriction. If x1 |= φ if
and only if x2 |= φ for every well-typed Σ-formula on that component set, then a
bisimulation relates x1 and x2.

Proof. For a pointed model x, let ThΣ(x) be the set of well-typed Σ-formulas true
at x. This set is called the model’s theory. We relate two pointed models when these
sets agree. Note that, such models agree on every state atom.

For the forward step condition, suppose f1∆I1,Z1g1 and write y1 = x1[g1]. If no
successor of x2 had the theory of y1, enumerate the finitely many successors of x2 as
y1

2, . . . , y
m
2 . For each j, choose a formula φj distinguishing y1 from yj

2, negating it if
necessary so that y1 |= φj and yj

2 ̸|= φj . Then x1 |= ♢
∧m

j=1 φj . Every successor of
x2 falsifies at least one part, so x2 falsifies this formula. When m = 0, the formula
is ⊤. This contradicts equality of theories. The reverse step condition is symmetric.

For an intervention θ, suppose the two models after the change had unequal
theories. Some ψ would distinguish them, so ⟨θ⟩ψ would distinguish x1 and x2.
The changed models must be related. The argument applies to an arbitrary set of
intervention labels.

For a cut label λ whose declared component set is the current component set,
suppose first that λ is available in x1. Then x1 |= ⊤∗λ ⊤. Equality of theories gives
x2 |= ⊤∗λ ⊤, whose satisfaction clause makes λ available in x2. The converse is
symmetric, so the two models agree on the availability of λ. Its declared cut in both
models is ct(λ) = (C1, I, C2). Whenever the label is available, the left restriction of
xi satisfies a C1-local formula α exactly when xi |= α∗λ ⊤, for i = 1, 2. Since x1
and x2 satisfy the same formulas, their left restrictions have the same local theory
and are related. Formulas of the form ⊤∗λ β give the same result for the right
restrictions. Equality of theories defines the required bisimulation.

12. Conclusion

The two questions studied in this paper require different subsystem boundaries.
For a recorded execution, we keep the initial configuration and schedule fixed while
replacing selected rules. The projection of this replay to an influence-closed region
preserves its final configuration. Every minimal cause of an outcome stated within
that region lies there, including when the region contains feedback.

To verify future behaviour, we use a stable cut. The configurations reachable
by the full system are exactly the compatible combinations of the configurations
reachable on its two sides. A property of the unchanged side needs to be proved
only once. Each repair is checked on the side it changes. In an ordinary model, this
equality holds from every initial configuration only when every interface rule leaves
its component unchanged.
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The retry system in Section 6.2 requires all six components because its feedback
loop crosses the proposed boundary. Proposition 6.5 identifies the two rules that
make callers retry aggressively as a minimal cause of the recorded overload. Propo-
sition 6.7 proves that a gateway cap prevents overload on every continuation. In
the RAG system of Section 9, retrieval has already committed the context through
the stable shared component PortCtx. We assume the retrieval-side property at the
phase boundary, prove that it is preserved during the analysed phase, and compare
release rules only on the generation side. In the finite instance, Table 4 reports that
the three checks examine 32 local configurations in place of 156 global configura-
tions. Proposition 9.1 proves that both authorized repairs are safe and that the
guarded rule releases more safe outputs than the rule that always holds them.

Algorithms 1 and 2 carry out the two analyses for finite systems.
For finite recorded executions, the replay construction has an equivalent acyclic

SCM representation in which rule-variable interventions reproduce rule replacement.
Independently, the logic is invariant under the corresponding bisimulation and, on
the stated image-finite class, logical equivalence characterizes that bisimulation.
Neither validation result is required for the two locality theorems.

The results have three main limits. Influence closure follows the inputs that
have been declared, so it may miss an independence specific to the installed rule.
The causal test holds the observed schedule and execution length fixed. Changes
to scheduling, termination, or the branch that execution follows must be included
in the model. The reachability result fixes the interface throughout the phase. A
phase in which the subsystems continue to exchange information needs a model in
which the interface can change.

Future work could model this exchange through communication channels that
carry information in one direction and assumptions about what they send. Updates
with stated probabilities and costs for changing rules would support numerical com-
parisons among repairs [55]. Interventions that change the influence graph would
require new conditions on the inputs that each region must contain. They could be
related to methods that infer causal dependencies from data [56, 57].

Code Availability
The prototype directory contains the Python program, the finite models, and

tests. It requires Python 3.10 or later. The README explains how to reproduce
the findings.
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